In this paper, we present an approach for the design of plant layouts in stochastic environments. We consider systems where the, product mix and product demand are subject to variability and where duplicates of the same department type may exist in the same facility. In contrast to a job shop layout, we allow these duplicates to be placed in non-adjacent locations on the plant floor and for flow allocation between pairs of individual departments to be made as a function of the layout and the product demand realization. We present a scenario-based procedure that iteratively solves for layout and flow allocation. We show that having duplicates of the same departments, which can be strategically located in different areas of the plant floor, can significantly reduce material handling cost while effectively hedging against fluctuations in flow patterns and volumes. We show that the effect of duplication is of the diminishing kind, with most of the cost reduction occurring with relatively few duplicates. We also show that the quality of the obtained layouts can be quite insensitive to inaccuracies in estimating demand scenario probabilities.
Introduction
The ability to design and operate manufacturing facilities that can quickly and effectively adapt to changing technological and market requirements is becoming increasingly important to the success of any manufacturing organization. In the face of shorter product life cycles, higher product variety, increasingly unpredictable demand, and shorter delivery times, manufacturing facilities dedicated to a single product line can no longer be cost effective. Investment efficiency now requires that manufacturing facilities be able to shift quickly from one product line to another without major retooling, resource reconfiguration, or replacement of equipment. Investment efficiency also requires that manufacturing facilities be able to simultaneously make several products so that smaller volume products can be combined in a single facility and that fluctuations in product mixes and volumes can be more easily accommodated. In short, manufacturing facilities must be able to exhibit high levels of flexibility and robustness despite significant changes in their operating requirements.
It has been conventionally accepted that, when product variety is high and/or production volumes are small, a functional layout, where all resources of the same type share the same location, offers the greatest flexibility. However, a functional layout is notoriously known for its material handling inefficiency and scheduling complexity [I-51. In turn, this often results in long lead times, poor resource utilizations and limited throughput rates. While grouping resources based on their functionality allows for some economies of scale and simplicity in workload allocation, it makes the layout vulnerable to changes in the product mix and/or routings. When they occur, these changes often result in a costly relayout of the plant and/ or an expensive redesign of the material handling system Clearly, there is a need, in dynamic and stochastic environments, for an alternative class of layouts that is more flexible and responsive than a traditional functional layout. There is also a need for an alternative design criterion to the deterministic measure of material handling cost used in most existing layout design procedures. More importantly, there is a need for systematic methods for designing and implementing layouts in stochastic environments that explicitly account for the value of flexibility. In this paper, we present an approach for the design of plant layouts in stochastic environments. We consider systems where product mix and product demand are subject to variability. We also consider systems where duplicates of the same department type may exist in the same facility. In contrast to a job shop layout, we allow these duplicates to be placed in non-adjacent locations on the plant Aoor and for flow allocation between pairs of individual departments to be made as a function of the layout and the product demand realization. Having duplicates of the same departments, which can be strategically located in different areas of the plant floor, is desirable in a stochastic environment since it allows a facility to hedge against future fluctuations in job flow patterns and volumes. The distribution of similar departments throughout the plant increases the accessibility to these departments from different regions of the layout. In turn, this improves the material travel distances of a larger number of product sequences. As a result efficient flows can be more easily found for a larger set of product volumes and mixes. Department duplication does not necessarily require the acquisition of additional resources, but can simply be achieved by dis-aggregating existing departments into smaller sub-departments (e.g., not placing all machines of a given type in the same plant floor area).
Note that having alternative processing departments to which jobs can be routed can reduce and simplify material handling requirements in a job. shop even in the absence of variability. For example, this is evident in cellular manufacturing layouts, where distributing individual machines throughout the manufacturing facility is found to significantly reduce material handling effort. In such a layout, copies of the same machine type are allocated to different cells so that jobs that are assigned to a cell can be completely processed within the cell by adjoining machines. Unfortunately, cellular manufacturing systems can be highly inflexible, since they are generally designed with a fixed set of part families in mind whose demand levels are assumed to be stable and their life cycles are considered to be sufficiently long. In fact, once a cell is formed, it is usually dedicated to a single part family with limited allowance for intercell flows. While such organization may be adequate when part families are clearly identifiable and demand volumes are stable, they become inefficient in the presence of significant fluctuations ,in the demand of existing products or with the frequent'introduction of new ones. A discussion of the limitations of cellular manufacturing systems can be found in several papers in the literature [7-121. These limitations resulted in recent calls for alternative and more flexible cellular structures, such as overlapping cells [7], cells with machine sharing [I 1,131, and virtual cellular manufacturing systems [9,1 I]. For highly volatile environments, certain authors have even suggested a completely distributed layout, where copies of a given machine type are dispersed as much as possible throughout the shop floor [8, 14, 15] or the creation of multiple cells with identical capabilities as in the fractal layout [2,5].
In this paper, we accept the premise, as in Montreuil et al. [ 151, that department disaggregation and distribution can be a useful strategy in stochastic environments. However, we allow for the possibility of partial disaggregation, so that each subdepartment may consist of more than one machine. We also allow subdepartments of the same type to have different capacities (e.g., different number of machines). Moreover, we take advantage, if available, of material flow volume and routing information under the various feasible product demand scenarios, along with estimates of the likelihood of these scenarios. As a result, our objective is to design a layout that performs well over the set of feasible scenarios and to solve for each scenario for the optimal flow allocation among the various subdepartments. Therefore, we have a combined layout and flow allocation problem, not dissimilar to the one discussed by Venkatadri et al. [5] in the context of fractal cellular layouts.
The organization of this paper is as follows. In Section 2, we provide a review of the existing literature. In Section 3, we present our procedure for the design of plant layouts with duplicate departments in a stochastic environment and discuss our iterative method for layout and flow allocation. In Section 4, we report on computer implementation and numerical results. We also present comparisons with functional, random, and maximally distributed layouts and examine the effect of information and .department duplication on layout performance. In Section 5 , we summarize our findings and discuss possible extensions.
Literature review
Although there exists an abundant literature on manufacturing flexibility as it relates, for example, to machines, material handling, product mix, part routing, and part sequencing [16-191, very little of this literature deals with layout flexibility. Webster and Tyberghein [20] define layout flexibility as the ability of a layout to respond to known and future product mixes. They consider the most flexible layout to be the one with the lowest material handling cost over a number of demand scenarios. Bullington and Webster [6] extend this definition to the multiperiod case and present a method for evaluating layout flexibility based on estimating the costs of future relayouts. They recommend that these costs be used as an additional criterion in determining the most flexible layout.
Gupta [21] presents a simulation approach for measuring layout flexibility. He obtains the various flow matrices by random generation of flow volume instances between pairs of departments. Using a heuristic, such as CRAFT [22] , a layout for each generated flow matrix is derived. For each such layout, the distance between all pairs of departments is computed. These distances are, in turn, used to compute the average distance between departments over the set of all generated layouts. A penalty function measuring the sum of absolute deviations from their distance mean of all pairs of departments for a given layout is then calculated. A layout with the smallest penalty isconsidered to be the most flexible layout. Shore and Tompkins [23] also propose a penalty function as a criterion for choosing the most flexible layout. Their penalty function measures the expected material handling inefficiency of each layout over all possible production demand scenarios. Assuming the probability of each demand scenario is known and the number of scenarios is finite, the layout with the least expected inefficiency can be identified. This layout is considered to be the most flexible layout.
Rosenblatt and Lee [24] present a robustness approach to the stochastic plant layout problem. They consider an uncertain environment in which the exact values of the probabilities of the different possible scenarios are unknown. For such an environment, layout flexibility is defined in terms of the robustness of the layout's performance under different scenarios. Thus, the most flexible (robust) layout is the one whose cost performance remains close to the optimal layout for the largest number of scenarios. A robustness approach to the single and multiple period layout problem is also proposed by Kouvelis el al. [25] . Rosenblatt and Kropp [26] have presented an optimal solution procedure for the single period stochastic plant layout problem. They showed that their procedure only requires solving a deterministic from-to flow matrix, where the deterministic matrix is a weighted average of all possible flow matrices. They compared their results to the flexible layout measure developed by Shore and Tompkins [23] and showed that their approach will always result in the most flexible layout. The stochastic plant layout problem has also been addressed by Montreuil Recently, Drolet [9] has introduced Virtual Cellular Manufacturing Systems (VCMS) as a more flexible alternative to conventional cellular configurations for computer integrated manufacturing systems. Instead of configuring a manufacturing facility into cells, each dedicated to a specific part family, machines of various types are distributed throughout the shop floor and reconfigured in real time in virtual cells in response to actual job orders. Upon completing the job order, the virtual cell is disbanded and the associated machines are again made available to the system. The author does not, however, provide a procedure for generating these layouts.
To support flexible system configurations, such as a VCMS, Montreuil et al. [15] introduced the concept of holographic layouts as an alternative to process layouts for systems operating in highly volatile environments. An holographic layout spreads the machines of each type throughout the manufacturing facility, For each machine of a particular type, an attempt is made to ensure its proximity to machines of every other type so that routings that are flow efficient can be created in real time by an intelligent shop floor control system. A heuristic design procedure is proposed where the objective is to More recently, the same authors proposed a fractal layout as yet another alternative for job shop environments [2,5]. In a fractal layout, several almost-identical cells are created, with each cell being allocated, whenever possible, an equal number of machines of each type. This results in a set of flexible cells, in which each product can be produced in almost every cell. The authors propose a multi-stage design methodology for cell creation, cell layout, and cell flow assignment. In particular, cell layouts are generated in an iterative fashion with flow assignment decisions.
Flexible layout design procedure
In this section, we present a procedure for the design of plant layouts with department duplication in a stochastic environment. Our procedure is applicable to manufacturing facilities that produce multiple product types whose demands may fluctuate from period to period according to a known distribution. The frequency with which demand fluctuations occur is considered too high for a relayout of the plant to be feasible after each demand change. Therefore, a fixed layout that can perform well over the entire set of feasible demand scenarios must be adopted. To illustrate our design procedures, we consider the case where the demand for each product is characterized by a finite discrete distribution, represented by a finite number of demand realization scenarios and probabilities of occurrence of each scenario. Demand for products can be either independent or correlated. The result in both cases is a set of scenarios consisting of different product demand combinations, each with its own probability of occurrence. Characterizing the product demand distributions may be based on historical data and/or forecasts. The total number of scenarios is determined by the number of demand levels, up, that can be assumed by each product p and the total number of products, P. The maximum feasible number of demand scenarios is, therefore, S,, = q I g2 . . . qp, which occurs when product demands are independent. However, in practice, this is unlikely to happen since the demand of products that either belong to the same family, target the same market segment, or depend on the same customers will be highly correlated. The set of external events that determine demand levels is often common to all products (e.g., weather conditions, interest rates, price discounts by competitors, fluctuation in demand for the customers' end items, shift in customer preferences, etc.). Consequently, the set of feasible product demand combinations is usually significantly smaller than Smm.
We assume the following is known:
generate a layout such that each machine is-as centrally located, with respect to other machines of a different type, as possible. The procedure assumes, however, that no distinguishable flow patterns exist and that a maximally dispersed layout is always desirable.
the set of product types P = (PI , p z , . . . , p p } produced in the facility, the process routing for each product type, consisting of the sequence of department types visited by the product, the unit transfer load for each product between each pair of department types (i.e., size of the transfer batch), number of copies of each department type, 0 the set of available locations, the distance between each pair of locations, the average processing time per product per unit load of flow at both the originating and destination departments,
. the available operation time per department, and 0 the set of feasible demand scenarios, indexed s = 1,2,. . . ,S, and associated probabilities 7~1 , 7 2 2 , . . . , ns,
where each scenario consists of a specific combination of demand levels for the different products. The demand of product i under scenario s is denoted di,.
The basic steps of our procedure can be summarized as fo I I ows:
Srep 1. From the distribution of demand scenarios, the product process routings, and the product unit transfer loads, we determine for each possible demand scenario s the amount of material flow, vijp, due to product p between each pair of departments i and j . This results in a multi-product from-to flow matrix, m(s) for each demand scenario s.
Step 2. Using the facility layout-flow allocation model described in Section 3.1, we generate the corresponding optimal layout (when an optimal layout is computationally difficult to obtain, we use the heuristic procedure outlined. in Section 3.2) and the corresponding optimal flow allocation between copies of the same department. Note that the from-to flow matrices we generate in Step 1 only give the amount of flow. between department types. The determination of the flow . volumes between individual departments is determined by the optimization model, simultaneously with the layout.
Since our objective is to design a layout that can perform well over the various scenarios, we use expected .material, handling cost as our measure of performance, where we assume cost to be linear in total materia1 distances traveled. Alternative measures of performance are possible and are discussed in Section 4. As we discuss later, our solution procedure can be easily extended to many of these alternative measures. . . ,PI s = 1,. . . ,S, (7) where:
Facility layout andflaw allocation model
( 1 if nth department of type i & i t = is assigned to location k, = flow volume between nth department of type i and mth department of type j due to product type p under scenario s, uijp = flow volume between departments of type i and departments of type j due to product type p under scenario s, Q I = distance between location k and location 1 (known parameter), tmjp = processing time per unit load of product type p at department mj, c,, = capacity of department ni (available operation time), N j = number of departments of type i, N = total number of department types, K = total number of locations, and P = total number of product types. 0 otherwise. . The above model treats both department locations (X,,k'S) and volume of flow allocation between individual The optimal layout and the corresponding optimal allocation of flow between departments can be obtained by solving the following model: departments (un!mjy's) as decision variables, with the objective of minimzing expected material handling cost. Constraints (1) and (2) ensure that each department is assigned to exactly one location and each location is assigned to one department.'When the number of locations exceeds the number of departments, dummy departments with zero flows may, without loss of optimality, be used to account for the difference. Constraint (3) ensures that the flow volume allocated to a department under each scenario does not exceed the capacity of that department. Constraint (4) equates the amount of flow between multiple copies of departments of type i and j to the amount of flow between department type i and department type j , as dictated by the from-to flow matrix. Constraint (5) ensures that the amount of input and output flow (per product) to and from a department are the same. Note that the index i = 0 is used to denote input/output departments. This is necessary in order to capture both entering and exiting flows. However, this formulation is used only for modeling convenience, since we assume that a product can enter or exit at any department.
The model assumes that all department copies are of the same size. In practice, this may not always hold, especially if we consider duplicates of the same department not containing the same number of machines. This problem could be addressed by disaggregating departments into small grids with equal area, possibly the size of a single machine, and assigning artificially large flows between grids of the same department so that they are always placed in adjoining locations. A more detailed discussion of the general merits and limitations of this approach can be found in Bozer and Meller [29] , Liao [30] , and Kusiak and Heragu [31] , among others. Alternative methods for incorporating departments of unequal size have been proposed (e.g., see Montreuil [32] ). For a recent survey, the reader is referred to Meller and Gau [33] . In Section 5, we discuss the design of layouts with unequal areas in the context of functional layouts.
The model assumes that, as long as capacity constraints are not violated, there is total flexibility in making workload assignments to departments. Such a strategy, while allowing us to minimize material handling costs, may result in unbalanced workload distribution among departments of the same type. In turn, this may negatively impact congestion levels and throughput times at the more utilized departments. The model can easily be modified to allow for a balanced workload assignment among all departments of the same type. For example, exchanging constraint (3) with the following constraint: where mj = I,, . . . ,N, and j = 1,. . . ,N, results in a solution that balances workload among departments of the same type. Constraint (8) can be similarly modified to allow for alternative workload assignment strategies and/ or additional operating constraints.
Our criterion in designing a flexible layout is expected material handling cost. However, this criterion does not guarantee that the selected layout will perform equally well under all scenarios. In fact, it is conceivable that the layout could perform poorly under certain scenarios. This goes counter to our definition of a flexible layout and may be unacceptable to plant management. This can be, in part, addressed by including a robustness constraint that guarantees the performance under any given scenario to be within a specified range of the optimal layout for that scenario. In other words, if we let z*(s) be the objective function of the optimal layout and the optimal flow allocation under scenario s, then the additional constraint is of the following form: which can be used to benchmark the solution we obtain from our procedure (see Section 4).
The model can also be viewed as a generalization of the classical Quadratic Assignment Problem (QAP) [34] . In the QAP, flow volumes between departments are assumed known since there is only one department of each type. In our model department location and flow volumes are both decision variables. Therefore, the objective function is polynomial, instead of quadratic, in the decision variables. Obviously, our model reduces to the classical QAP when there is one copy of each department type. Our model can also be viewed as a generalization of the job shop layout design problem, since in a job shop duplicates of the same department type are restricted to be in adjacent locations. Clearly, the performance of the distributed layouts obtained from solving our model should be at least as good as those obtained from solving for the optimal job shop layoutsee Section 4 for numerical examples and comparisons.
A heuristic approach
Because the quadratic assignment problem has been shown elsewhere to be NP-hard [34] , the model proposed here is also NP-hard. This means that obtaining an optimal solution for most problems in practice would require an excessive amount of computational effort. Therefore, in this section, we present a heuristic approach based on an iterative procedure in which we decompose the problem into two sub-problems: (i) a facility layout problem; and (ii) a flow allocation problem. A solution is then obtained by iteratively solving a layout problem with fixed flows followed by a flow volume allocation with a fixed layout. This is similar to a heuristic used in facility location problems where both facility location and customer allocation must be made simultaneously [35] . The basic steps of the heuristic can be summarized as follows:
Step 1 . Given a fixed layout, find a minimum cost flow allocation between departments. Step 2. Given fixed flow allocation between departments, find a minimum cost layout.
The heuristic alternates between Steps (1) and (2) until convergence is achieved. The solution obtained, while not guaranteed to be optimal, satisfies the following necessary condition for optimality [35] : (a) for the obtained layout, the solution cannot be improved by changing flow allocations; (b) for the obtained flow allocations, the solution cannot be improved by changing the layout.
The flow allocation problem that must be solved in Step I is given by: It is easy to see that the objective function and the constraints are all linear in the decision variables. Therefore, we have a linear program which can be optimally solved in polynomial time. The solution of the above problem can be further simplified by noting that it consists of S separable problems, one for each scenario, which can be solved independently without affecting overall optimality. In other words, instead of solving simultaneously for the flow allocation under all scenarios, we may solve separately the following sub-problem for each scenario s: subject to: j = 1 ,..., N; p = 1,2 ,..., P, (18) vnimjpr > 0 i r j = 0,. .. , N , ni = li,. . . ,Nil mi= 1, ,..., N,; p = 1 ,..., P.
(19)
The advantage of doing this decomposition is that it results in a set of significantly smaller problems which can be solved either in series or in parallel.
The layout problem which must be solved in Step 2 is given by: 
S where i$,,,,, = Cs=, and represents the expected flow volumes, due to product p, between departments ni
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and m,. Note that since the flow volumes are assumed known, we simply solve a deterministic layout problem (a QAP) with flows Oni , , , .
As we mentioned earlier, the QAP problem is NP-hard. Therefore, for most realistic problems, a heuristic solution procedure is required. Several heuristics have been proposed for solving QAP, including pair-wise and multi-step exchange heuristics [36], genetic algorithms [37] , simulated annealing [38] , and tabu search [36] . For a recent review of Q A P problems and heuristics, the reader is referred to Pardalos and Wolkowicz [34] . In our case, any of these heuristics could be used. In our computer implementation, we use a pairwise exchange (or 2-opt) heuristic with multiple initial layoutssee Section 5 for additional details.
The detailed steps of the heuristic are described below.
Step I . Set 1 = 1.
Step 2. Generate an initial layout.
Step 3. Sets = 1.
Step 4. Given the current layout, solve optimally for the flow volume allocation under scenario s (a linear program).
Step 5. Set s = s + 1, If s > S, then go to Step 6 . Otherwise, go back to Step 4. Step 6. Based on the flow volumes determined in Steps 3-5, generate a layout using the layout design heuristic. Let z ( l ) denote the corresponding value of the objective function.
Step 7 . Set I = I + 1 . If 1 2 I,, 
Computational results and empirical investigations
In order to: (i) assess the computational effectiveness of our procedure; (ii) benchmark our heuristic against known'bounds; and (iii) evaluate the general usefulness of duplicating and distributing departments, we conducted a series of computational experiments using randomly generated examples of varying sizes and characteristics.
In particular, we considered two sizes of layouts: (i) 16 departments, five department types, five products, and three scenarios; and (ii) 40 departments, 10 department types, 10 products, and three demand scenarios per product. The number of department copies (i.e., number of departments of a particular type) are randomly generated from the range 1-5 for case 1 and 1-6 for case 2. In each case, we ensure that there is at least one department copy of each type. This is carried out by first assigning one department copy to each type. Then, each remaining department copy is randomly assigned to a type. A type becomes ineligible for assignment when it reaches the maximum allowable size (e.g., six sub-departments in the case of the 40 sub-departments layout). The number of operations required by each product is generated randomly from a range of 2-5 for case 1 and 2-8 for case 2. For each product, assignments of operations to department types are also generated randomly from the available set of workstations. However, two consecutive operations are not allowed to be carried out on the same department type. Demand for each product can assume three possible levels, High (H), Medium (M), and Low (L). The possible demand levels for each product are determined as follows. For low, demand value is determined by randomly sampling from a uniform distribution with minimum and maximum of 10 and 100 respectively (i. e., U(10, 100) Note that the values of the demand of different products for a given level are generally different. We let processing times at the different workstations be product-independent, although different workstation types can have different processing times. The available capacity at a department is assumed to be proportional to the number of workstations assigned to the department. The available hours at each department type are set to equal the highest workload that must be handled by that department type. This will ensure that all demand scenarios we consider are feasible. This also corresponds to how capacity decisions are made in practice (i.e., we ensure that we can meet the highest anticipated demand). The processing times for the different workstation types are determined by sampling randomly from a uniform distribution with minimum and maximum values of 10 and 100 minutes, respectively. Finally, the probability of occurrence of different scenarios are assigned randomly from the range 0-1, subject to the constraint that the sum of these probabilities is equal to 1. Note that for all layouts rectilinear distances between the centroids of individual departments are used. We assume unit distance between adjacent locations. Our layout design method, along with the above random data generation procedure, was implemented in a program application written in C and interfaced with the Math Programming solver software CPLEX -version 6.0 [39] . CPLEX is called when generating a solution to the flow volume allocation problem (a linear program). The implementation platform is a SUN Sparc 20 workstation running the Solaris operating system. While no attempt was made to optimize the performance of the program application at this stage, problems with 40-50 depart-ments were solved in few minutes of CPU (see Tables 1  and 2 for example CPU times). Note that, since plant layout decisions result in long-term commitments, even a few hours of CPU can be acceptable.
I. Preliminary results
Using the above procedure, we generated several hundred data sets. Representative results from 20 data sets for each layout size are shown in Tables I and 2 (source data for the example sets are available from the author by request). For each set, the computational time needed to obtain the final layout and flow allocation is recorded. Also, for each set, an estimate of the lower bound on the optimal solution, as described by equality (lo), is obtained (since the layout design problem is solved heuristically, the values obtained, and shown in Tables 1 and 2, are only approximations of the actual lower bound). From these results, we can see that the computational times remain acceptable even for the larger cases. Furthermore, relative to the estimated lower bound, our approach performs fairly well. The percentage difference in performance between the estimated lower bound and the obtained expected cost ranges from 1 to 10% with an average of 2.7% for the 16 department case and 4.4% for the 40 department case. Given that the lower bound is generally not tight, these results are encouraging.
Comparisons with functional, random, and maximally distributed layouts
In order to benchmark the performance of layouts obtained using our procedure, we carried out a series of comparative experiments with layouts obtained using three alternative approaches: (i) functional layouts; (ii) random layouts; and (iii) maximally-distributed layouts. A brief description of each approach and the corresponding layout is given below.
Functional layouts
In designing functional layouts, we restrict departments of the same type to be in adjacent locations. In order to ensure that functional departments have acceptable shapes, we use a layout heuristic similar to MCRAFT [40] , where the floor space is divided into bands and the placement of departments is restricted within these bands. An initial layout is formed by starting at the upper-lefthand corner of the plant and "sweeping" the bands in a serpentine fashion by placing departments according to a prespecified fill sequencean example fill sequence is shown in Fig. I . The number of bands is user-specified.
For our examples, we restrict the number of bands to two (experiments with three and four bands lead to a poorer performance). This approach allows us to exchange the Location of functional departments regardless of whether they are of the same size or not. For a fixed flow allo- cation, layouts are obtained using the same 2-opt exchange procedure used for distributed layouts. Similarly, flow allocation is carried out with respect to individual department copies using our flow allocation model (a balanced flow allocation among individual copies of the same department is also possible but this always leads to higher material handling costs). Rectilinear distances between the centroids of individual department copies are used. In order to minimize the effect of the initial layout, the process is duplicated with 10 different starting layouts. The final layout with the lowest expected costs is then selected.
Maximally distributed layouts
Maximally-distributed layouts are obtained using a procedure that maximizes the amount of distribution, or dispersion, of departments of the same type. This means that copies of the same department type are placed as uniformly as possible throughout the plant floor. The objective is to provide easy access to all department types from any area of the layout. In contrast to our approach, this dispersion ignores any information about existirig or anticipated material flows. This is somewhat similar to the approach used in designing the holographic layouts proposed by Montreuil et al. [15] . The degree of depart-ment distribution can be measured in different ways (see Benjaafar [41] for a detailed discussion). The measure we use is given by the following expression:
where with d;., being the distance from the nth copy of departmeht j to the closest copy of department k, nj is the nth department of type j, and Nj is the number of copies of departments of type j. A smaller value of @ indicates that departments are within a short distance from departments of other type. This captures the fact that, with increased distribution, the distances between any department copy to department copies of other type tend to decrease. In generating maximally distributed layouts we use @ as our objective function. Again, we use a 2-opt exchange heuristic, where the interchange that maximizes distribution (i.e., minimizes @) is implemented, Flow allocation is obtained optimally under each scenario using our flow allocation model. Again, the process is dupiicated with 10 different initial layouts with the best final layout selected.
Random layouts
Layouts are generated using a purely random assignment of departments to locations. One hundred layouts are randomly generated. For each layout, we obtain the optimal flow allocation under each scenario. The layout with the lowest expected cost is then selected.
Representative results from 20 data sets for each of the layout sizes are shown in Tables 3 and 4. Examples of final layouts are also shown in Fig. 2 . Layouts obtained using our procedure are referred to as distributed layouts. From these results, it is easy to see that distributed layouts vastly outperform functional ones with material handling costs being an average 45% (for the 40 department case) and 21 % (for the 16 department a distributed layout across all department copies. Thus, while there is clear material handling benefits to department disaggregation and distribution, these benefits should be carefully traded-off against the advantages of operating consolidated facilitiessee Section 5 for further discussion.
The eflect of probability information
In order to assess the importance of accurate information regarding the probability of occurrence of different scenarios, we generated layouts using our procedure under the assumption that all scenarios are equally likely. This is the assumption we would make if information regarding the probability of occurrence of different scenarios is not available. The expected material handling costs of the layout obtained were then calculated using the actual probabilities. Comparisons between layouts obtained with and without probability information are shown in Tables 5 and 6 (using the same data set as in Tables 1 and 2). As we can see, although there is a some benefit to including probability information (layouts obtained without probability information result in an average of 4% (for the 40 department case) and 2.5% (for the 16 department case) higher material handling cost), the difference in performance is relatively small. This seems to suggest that accuracy in assessing probabilities is not critical, which may be due to the fact that most of the reduction in material handling cost occurs with the distribution of departments and the optimal flow allocation. In practice, this means that the design procedure can be carried out even when the likelihood of different demand scenarios is difficult to estimate.
The eflect of department duplication
In order to examine the effect of department duplication on layout performance, we conducted a series of experiments for layouts with varying levels of department duplication. We considered a system consisting of six department types and 36 subdepartments (department copies) with each department type assigned six copies. We assume that all department copies occupy the same area (a unit block). We considered four levels of duplication. In the first level, copies of each type are grouped in a single department consisting of six copies occupying a 2 x 3 block. In the second level, copies of each type are grouped into two duplicate departments of three copies each occupying a 3 x 1 block. In the third level, workstations of each type are grouped into three duplicate departments of two copies each and occupying a 2 x 1 block. Finally, in the fourth level, we have six duplicate departments for each department type consisting of a single copy each. A graphical depiction of these four duplication levels is shown in Fig. 3 for an example layout. The same procedure described earlier for randomly generating test data was used to obtain demand, routing sequence, and' probability information. Results from a representative set of examples are shown in Table 7 .
As we can easily see, increased duplication is always beneficial. The associated improvement in performance can be significant with up to a 50% reduction in material handling cost in some cases. However, we can also see that the effect of duplication is of the diminishing kind, with most of the benefits realized with the initial disag-I gregation of departments into two subdepartments. Further disaggregation, for all the observed cases, yields only marginal improvements (e.g., an increase in duplication from one to two results in an average of 37% reduction in expected cost while a further increase from two to three Table 7 . Effect of department duplication on expected cost Dnlo set Number of copies per department results in less than 4.5% in additional cost reduction). This seems to suggest that only limited duplication should be pursued. In practice, this would make distributed layouts easier and less expensive to implement since partial department disaggregation is sufficient to achieve the benefits of full disaggregation and distribution.
Discussion and conclusion
In this paper, we explored an alternative layout configuration to traditional job shops in stochastic environments. We showed that there is value in creating replicates of the same department and distributing them throughout the plant floor. These replicates can be partial grouping of resources (e.g., machines) that would have otherwise been consolidated into a single functional department. If the distribution of flow patterns can be categorized a-priori, we found that including flow information at the design stage can lead to higher quality layouts. However, we found that material handling costs can be significantly reduced even if no flow information is included. We also found that the quality of distributed layobts is quite insensitive to inaccuracies in the demand distribution. But most importantly, we found that most .
of the benefits of department duplication are realized with relatively few replicates, which means that there would be rarely a need to fully disaggregate functional departments. Many of these results are in line with findings of Montreuil et al. [I51 who were among,the first to argue that department diasggregation and distribution can be a useful tool in dealing with variability. Several avenues of future research are possible. In this paper, we assumed that the number of department copies and the capacity of each copy are known. In practice, these are decisions that facility designers must make before the layout process can be carried out. In our current analysis we ignored the costs associated with disaggregating a functional department and creating multiple autonomous sub-departments. Department disaggregation and duplication should obviously be pursued only if the associated benefits outweigh the costs of creating and operating additional departments. Clearly, there is a need for an integrated model that combines department duplication and capacity assignment with layout design and flow allocation. An effort along these lines is currently underway by the authors of this paper.
In our current flow allocation model, we assumed full flexibility in assigning workload among duplicates of the same department. In practice, this could result in splitting orders that belong to the same product among several duplicates. This would mean smaller batches and possibly longer and more frequent setups. Order splitting could also cause delays in shipping completed orders due to poor synchronization among individual batches of the same order. Addressing this problem would require either capturing setup minimization in the objective function or placing additional constraints on Aow allocation to prevent order splitting. We suspect, that such reformulation would give rise to workload allocation schemes where certain department duplicates become mostly dedicated to specific orders for the duration of that order. This is not unlike the structure proposed by Drolet [9] for constructing virtual cells.
